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Introduction
Suppose that C is a category of topological spaces with base point and continuous maps preserving base points, <S is the category of sets with a distinguished element and set maps preserving distinguished elements, and H: C -+ S is a contravariant functor. The main result of this paper is that, if H satisfies certain axioms, there is a space Y, unique up to homotopy type, such that H is naturally equivalent to the functor which assigns to each X e C the set of homotopy classes of maps of X into Y. This result is stated in ? 1 and proved in ?? 1, 2, and 3.
The main application of this result is a representation theorem for cohomology theories which satisfy all the Eilenberg-Steenrod axioms except the dimension axiom. Suppose that for each integer q, H9 is a contravariant functor from the category of pairs of finite cw-complexes to the category of abelian groups and 8": H"(A) -Hg+l(X, A) are a collection of natural transformations. Furthermore, suppose H" and 3q satisfy all the Eilenberg-Steenrod axioms except the dimension axiom which is replaced by the condition that H9 on a point be countable. In ? 4 we show that there is an f2-spectrum Y [4] , i.e., a sequence of spaces Yq and homotopy equivalences hq: Yq -+ f2 Yq+, such that HQ(X) is naturally equivalent to the group of homotopy classes of maps of X into Yq The hypothesis that Hq of a point is countable is admittedly unfortunate, but the author seems unable to remove it without making some more drastic assumptions about H (see ? 4, Theorem II.) In ? 5 we apply our main result to prove the existence of a universal bundle for a topological group, and also to characterize singular cohomology theory on the category of all cw-complexes.
Finally, in an appendix, we briefly indicate how this theory may be dualized so as to give similar representation theories for covariant functors.
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Statement of the main theorem
A category C will be called a category of spaces if its objects are pathwise connected topological spaces with base point which admit the structure of a cw-complex, and its maps are all continuous maps of X into Y carrying the base point of X into the base point of Y for each pair X, Y e C. Furthermore it will be assumed that, if X e C and X' is a subcomplex of X with respect to some cw-complex structure on X, then X' e C. C1 and C. will denote the category of spaces which have as objects all spaces admitting a cw-complex structure and all spaces admitting the structure of a finite cw-complex, respectively. <S will denote the category of sets with a distinguished element and set maps preserving distinguished elements.
(X1 U X2, X1, X2) will be called a proper triad of C if X1, X2, X1 U X2 and xfl nX2 are in C, all have the same base point, and (X1, X1 f X2) and (x2, xl nX2) each have the homotopy extension property. Let H: C-GS be a contravariant functor. Below we give a set of axioms of which one combination will be used in dealing with H when C= C., and another combination will be used when C = C1.
Axiom h. If f, g: X -Y are homotopic, H(f) = H(g). Axiom e. (el) If p is a point, H(p) contains only one element. (e2) Suppose (X, X1, X2) is a proper triad, A = X1 n X2 and jo: A -+ Xi and ki: Xi -+ X are the inclusion maps. If ul e H(X1) and u2 E H(X2) such that H( j)ul = H( j2)u2, then there is a v e H(X) such that H(kl)v = ul and H(k2)v = u2. Furthermore, if A is a point, v is unique. Axiom c. If S' is the n-sphere, H(S") is countable for all n > 0. Axiom w. Suppose S" is a collection of n-spheres whose wedge product VSa is in C. Let iA: S VS " be the inclusion map.
is an isomorphism. Axiom 1. Suppose X.X.... XX * * *are a collection of subcomplexes of X= UX, e C with respect to some cw-complex structure on X such that Xn = Xn. Let in: Xn -+ X be the inclusion map. Let inv lim H(Xn) be the inverse limit of H(Xn) with respect to the maps induced by the inclusions of Xn into Xm. inv lim H(in):
is an epimorphism.
Note that if C = C0, axiom 1 automatically holds. Also axiom e implies that H(X V Y)>H(X)
x H(Y), i.e., when A in axiom e is a point. Thus, 1.4 LEMMA. Let C and C' be categories of spaces such that C is a subcategory of C' and let H: C'--* S be a contravariant functor such that:
( i ) H satisfies h, e', w and 1.
(ii) Hf C satisfies h, e, w and 1.
Then there is a Ye C' such that [ , Y] and Hf C are equivalent. We now reduce 1.4 to some further lemmas.
1.5 LEMMA. If H, and H2: C-n S both satisfy h, e and w, and T: H1--H2 is a natural transformation such that T: H1(Sn) H2(Sn) for all n > 0, then T: H1(X) 1H2(X) for all Xe C such that dim X < co. Lemma 1.5 is proved in ? 2.
To eliminate the finite dimensional restriction when C= C1, we show in ?2:
1.6 LEMMA. Suppose H:C1 -S satisfies h, e, w and 1, and T:
H(X) for all X e C1. The proof of 1.5 is motivated by the usual five lemma argument, namely: Suppose X e C and dim X = n + 1. Then X = Zf where f: VSIOUX' and dim X' < n. Axiom e gives an exact sequence:
where S is the suspension. Thus if H took its values in the category of abelian groups, induction and the five lemma would give the desired result. This is essentially the proof we use except that a more delicate five lemma, which is applicable when some of the objects are not groups, must be used. One might suppose that the proof of Theorem I could be simplified by assuming H took its values in the category of abelian groups. Surprisingly, this hypothesis can not be used because one is unable to prove that the space Y, constructed from H, is an H-space until one knows that [ , Y] and H are equivalent. Hence, one cannot prove that [ , Y] is a group before applying 1.5. A simplifying assumption which does work is to suppose that H(X) = H'(SX) for some functor H' satisfying the axioms.
Suppose H: C-aS satisfies the hypotheses of 1.4. We next show how to construct a space Yand au e H( Y) such that T(u): [Sn, Y] H(S ) for alln > 0. We construct spaces Yn e C' and unC e H( Yn) by induction on n such that:
(i) Yn-1 c Yn. 
Proof of Lemma 1.5
We begin by developing the machinery to be used in place of exact sequences and the five lemma. Let A, X0, X1, and fi: A)X be in C. Zf,,f1 will denote the identification space formed from X0 U X1 U (A x I) by the following identifications. * denotes the base point. We assume throughout this section that H is a contravariant functor satisfying h and e. Let fi: A -+ Xi, i = 0, 1, and let Jo: Xi Zf f 1 be the inclusion maps. Again by standard arguments:
2.4 LEMMA. r* defines an action of the group H(SA) on the set H(Zf).
Let i: X -Zf be the inclusion map.
LEMMA. H(i) induces an isomorphism of the orbits of H(Zf) onto the kernel of H(f).
Note that if we were dealing with groups instead of sets, 2.5 would simply say that the following sequence is exact. and u e H(Zf).
Hence H(i) induces a map from the orbits of H(Zf) onto the kernel of H(f).
Suppose u0 and u1 e H(Zf) and H(i)uo = H(i)ul. Let ko, k1: Zf -+ Z be the two inclusion maps. By 2.1, there is an element w1 e H(Zi i) such that u, = H(ki)wl. Let h: SA -+ Z be defined as follows: h(a, t) = ko(a,3t) 0 < t < 1/3,aeA, = (f(a), 3t -1) 1/3 < t < 2/3, = k-(a, 1 -(3t -2)) 2/3 < t < 1 .
Let w = H(h)w'. One can easily check by drawing a picture that (h V ko)r and k1 are homotopic. Let m1 = i2 V i1j2 and let m2 be the folding map of Zf V Zf onto Zf. Under H(m2), u also corresponds to (u, u). Let Wf = Zm1m. There is an element z3 e H( Wf) such that H(s1)z3 = z2 and H(s,)z3 = u, where s, and s2 are the inclusion maps of Zr,, and Zf into Wf. Let h = s2i and k = sli j,. Recall i: X -Zf.
Suppose z e H( Wf) and H(h)z = v. Let u = H(s2)z.
Note s2m2 = slml. Therefore,
But m, = i2 V i1j2. Therefore, since m2 is the folding map, H(i2)H(sl)z=u and H(j2)H(i1)H(s1)z = u.
Therefore H(k)z e g(v) and the proof of 2.6 is complete. PROOF OF LEMMA 1.5. Let H1 and H2: C o S be functors satisfying h, e and w, and let T: H1 o H2 be a natural transformation such that T: H1(Sn) s H2(Sn) for all n > 0.
If X e C and dim X < 0o, to within homotopy type, X may be given a cw-complex structure in the following fashion: Let Xn e C be a sequence of spaces, n =1,2, **,dim X, and n:{VSnsIaeAnlXn such that Xn+1 = Zfn and X1 = VS1. Then we may assume X = UXn.
We first show that T: H1(X) H2(X) is onto for all Xe C such that dim X < co. Let X have the structure described above. Let An = VSC.
We show by induction on n that T: H1(Xn) The inductive step then follows from 2.5 by moving elements around a diagram as in the five lemma.
We next show that T is an isomorphism. Again we apply induction to T: H1(Xn) H2(Xn). We have already noted that this is an isomorphism for n = 1. Suppose it is an isomorphism for n -1. For vi e Hi(Xn_), let gi(vi) e Hj(SAn1)t i 1, 2, be the isotropy groups described in 2.6. The fact that T is onto and 2.6 then yield: Tpl(v) = q2(Tv) for each v e kernel Hl(fn-l). The for all Xe C1. Suppose Xe C1, Xn is the n-skeleton of X with respect to some cw-complex decomposition, and in: Xn ) X is the inclusion map. 
This completes the proof of 1.6. We next wish to give another characterization of H. Let X e C, and let {X,,} be its finite subcomplexes with respect to some cw-complex decomposition. If Xa. c X, let io, be the inclusion map. Let i": X0,, -X be the inclusion map. Then {H(X0,), H(io,)} forms an inverse system and H(iw): H(X) PROOF OF LEMMA 1.3. Suppose H: C0 -+ S satisfies axioms h, e and c. Let H: C -S be the extension of H described in 3.2 restricted to C.. we wish to show that H satisfies h, w, 1 and e'. Axiom h follows from 3.2, w and 1 follow from 3.3.
Let Sin, i = 1, 2, ---be a finite or countable collection of n-spheres, A= VS8, Xe C and f: A X. We must show that
is exact, where i: X -Zf is the inclusion map. We first prove this when A = Sn. Suppose X has been given a countable cw-complex structure. There is a finite subcomplex XczX and a map f0: Sn -X 2 such that f is f0 followed by the inclusion map. Since X is a countable cw-complex, there is a sequence of finite subcomplexes 
Cohomology theories
Let A be a category of pairs of topological spaces which admit the structure of a cw-complex and subcomplex and all continuous maps from pairs to pairs. The pair (X, 0), where 0 is the null set, is denoted by X. Let ?1 be the category of abelian groups and homomorphisms.
A cohomology theory on A with values in 2 is defined to be a collection of contravariant functors H: A 2, -co < q < co, and a collection of We next formulate axioms w and 1 in terms of cohomology theories. Let A, and 4, denote the categories of pairs of topological spaces which admit, respectively, the structure of a finite cw-complex and subcomplex and the structure of a cw-complex and subcomplex. Let G = H0(p), where p is a point, and let K(G) ={K(G, q}, hq} be the &2-spectrum obtained from Eilenberg-MacLane spaces K(G, q). Let Z(X, A) and 8q be as described in ? 4.
5.2 THEOREM. There are natural equivalences Tq: [Z(X, A), K(G, q)]l Hq(X, A) defined for all (X, A) e A, such that 8qTq = Tq+-8q. PROOF. {Hq, 8q} satisfies (4.6) because of (5.3) and the fact that Hq(X) Hq(Xn) for q <n and XI, the n skeleton of X. Hence by Theo- 
